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The Final Stretch of 2.160

(J11/18: Deep Learning: CNN and RNN

(J11/30:Support Vector Machines and Kernel
Methods COP-4 due

J12/2: Gaussian Processes
12/4: Final study group meeting

J12/7: Koopman Operator Theory for Exact
Linearization of Nonlinear Dynamical Systems

J12/9: Dual Faceted Linearization with
Application to Model Predictive Control
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Problem 4J

PS#6 Due
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Classification, Detection, Decision
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Pattern Classification

Human: Class 1

Feature O e O

X
ax, +bx, > c o 8:::582
ax, +bx, <c " © o
Feature X,

Find a, b, and c that best separate classes 1 and 2.



How can we best separate the two classes?

t Class 1
® o




How can we best separate the two classes?

wx, +w,x, +b=0

. Class 1
X, O o © @)
Support Veftors ‘
@ o O R
Distance of @ O
separation R o O
\ o
© © © Class 2
\ 0
>
A
Margin Find w;,w, and b that best

separate classes 1 and 2.



Outline
Support Vector Machines and Kernel Methods

— SVM maximizes the margin in two-class
classification

X,

— Mathematical derivation of the optimal
classifier with the largest margin /\g\

— Linear separability: revisite XOR

— Augmentation of feature space with kernels

— Kernel trick NI

— Positive-definite, symmetric kernels
— Reproducing kernel Hilbert space
— Radial-basis functions




Support Vector Machine

Find w,,---,w_and b that maximizes the margin

J(w,,---,w ,b) for separating classes 1 and 2.

max J(w,, -, w _,b)

10
Subject to the correct classification:

All the data points in class 1 ; wyx, + w,x, +---+w,x, +b >0
All the data points in class 2 ; WX, + w,x, +---+w,x, +b <0

Class 1

A limited number of
points on the borders are
called Support Vectors.




SVM Theoretical Derivation

Discriminant Function f(xX)=w'x+b

(Classification function) xeR" we mnxl heR

J(x)>0

*2 f(x,)=+I1

d We care only the sign of the
discriminant function.
J We can scale the function so that it

£(x)<0 takes the Valu.e.of 1 .at a support
vector on positive side, and -1 at a
support vector on the negative side.

Correct classification: f(x)>0—>y=+1 f(x)<0—>y=-1

These two can be combines and replaced by
yl.(wal. +b)=21, i=1,---,N
This applies to all the sample points. D = {(xl_,yi) li=1,-- -,N} .



SVM Theoretical Derivation

Discriminant Function f(x)=w'x+b weR™ beR

The width of the separation, or the Margin of
Classifier, 1s given by using a unit vector n:

Width = nT(x2 —X,)

Since X, satisfies w'x, +b=—1
and X, satisfies W' x,+b=1

2= wT(x2 —X,)

w

W

Dividing both sides by |w| yields:

(xz—xl):nT(xz—xl):Width ,
== Width=—
ﬁ wi

\

Unit vector n=

11



SVM Theoretical Derivation

Maximize Width = l
l ‘W‘
. , 9)
Maximize Width=—
| w?

Maximizing this i1s equivalent to minimizing its reciprocal:
A R
mim—w w
w,b
Subject to yi(WTxl. +b)21, i=1,---,N

12



 To eliminate any discriminant function that is unable to correctly classify all the
sample points, consider the following penalty function:

T
0235%4 Ocl.[l y.(w xl.+b)} M >1

o If yl.(wT x,+b)=1, then «, is arbitrary;

e If y(Wx +b)>1,then ¢, =0;and

s IF yi(wai+b)<1,then o, =M>1,

1 Therefore, the above penalty function becomes 0 if all the sample points are correctly
classified, and it takes a large value only when some sample points are incorrectly
classified.

1 Consider the minimization of the following functional

L(w,b,cx, - a)—lw w+201<na<>§4061(1 y(wx+b))

] Note that any discriminant function that cannot correctly classify some sample points
1s eliminated 1n the minimization of the functional.



1
Minimizing: ~ L(w,b,0t, -« )_EW w+ Zorglegloc (1 y.(w'x, +b))

Swapping min and max yields,
w,b,o -0y, w,b 0o, <M

min L:min[;w w+2maxoc(1 y(wx+b))}

= max min{%wTW"‘ iai (1 -y, (wix + b))}

0<o,<M w,b P

- J
The necessary conditions for L* to be min. L*
oL * N oL * S

Therefore,

. 1 N N .
mmL:osOcIlI--l-%?gM E(}Z}ajy ]Lzakykxk)—FZOC l: ((Zajijj ]xi—i_b)]

N N N
1
Substituting zay 0 yields min L= max {20[ EZZaiajyiijjxi}

0<oc1 Oy <M
i=1



. 1 N N , N
min L= max Zai—EZZaiajyiijjxi Subjectto Y &y =0

i=1 =1 j=I i=1

[ This cost function is quadratic in terms of «, , and the constraint is a linear
equation.

 Therefore, this is a Quadratic Programming problem for which effective
solution methods exist.

N
] Substituting the optimal weights w= 2051. y.x, into the discriminant function:
i=1

l

f(x)=w'x+b )= ey,(x]x)+D

U Since support vectors lie on the marginal hyperplanes, for any support vector x;,
w' X+ b= Y, and thus b can be obtained as:

N
b=y — Zajyj (ijxl.)
j=1



Linear Separable Case

Linearly separable.

Not linearly separable.

16



Revisiting the XOR problem:
An example of not linearly separable problem

The Exclusive OR Problem

Input Output
0 0 0
0 1 1
1 0 1
1 1 0
X X; y

17



An example of not linearly separable problem

Discriminant function: The Exclusive OR Problem
0 1 1
1 0 1
Y. A 1 1 0
2 X, X, "

Co-

Class 1 NO matter how you pick w,, w,
and b, these points cannot be

( separated into the two classes.
/ Q/ " How to make it separable?
X,
k Add other variables.

18

Class O



. . . A
Consider a third variable:  x, =xx, z= f(x,,x,)=x, +x, —2x,x, ——

: 1
f (030) - _g

— C(Class 0

. 1
f(l,lj——g

— (| 1
7(10) = £(0,1) = % >0 s

replace x, x, by a new variable x,

This 1s apparently a
linear function:
Linearly Separable.

1
3

A
Xy

'7

z>0

W

T~

19



Recasting input data into a high-dimensional space

( \
xl
X
x= xl ) o(x)=| X,
2 L 2

The algorithm of Support Vector Machine can be extended to the
transformed feature space.

¢

Input Space Feature Space

How can we find such a new variable in a systematic manner?



Re-formulating the SVM optimization problem
Discriminant function: fp(x)=w'o(x)+b

where (P(x) c %mXI, we mmxl
>0—> y=+1
Classification: fp(x) g = ), [(P(x,)) 21
J(p(x)<0— y=-1

Training Data: D ={(¢(x,),y,)|i=1,---,N}

Width = WW‘T (o(x,)—@(x)))

max Width = i
C W
N R
mm—w w
w,b 2

Subjectto ¥, f(@(x,)) =1

21



If the data 1n the feature space are linearly separable, then the
optimal discriminant function that maximizes the separation

margin 1s given by

N
w= D0y e(x,)
i=1

where ¢; are the variables that maximizes the following

quadratic function:

min L= max

OSal---aNSM

Subject to

N
2., 0.y,=0
i=1

N

2.0, -

i=1

R r
Ezzai%y Jp0x;) o)

i=1 j=I

This 1s the same simple quadratic optimization problem.




Kernel Trick

N
 Using the optimal weights, w= Zai y.@(x,), the optimal discriminant function, or the

i=1
Support Vector Classifier, 1s given by

f(@(x)=w o(x)+b= {Za yo(x, >} P(x)+b= Za Y, o(x)" p(x)] +
k(x ,X)
ad k(x,x)=(o(x, ) ©(x)is a scalar quantity, called a kernel function:

kXXX R xeX,xeX

O It is the inner product of two feature vectors in a high dimensional space @(x).

3 This can be computed without obtaining the high-dimensional feature vector. <>

A In the quadratic optimization, too, the high dimensional feature vector @(x) shows up as
an mner product. Therefore, we deal with only its kernel k(x,,x )= (¢(x, )’ P(x;)

N 1 L&
min L= max 2%“220{1
0<or--a <M | “= 2504

OO
Q&%&\
&

(JO




Example of Kernel Trick

Polynomial Kernels
O Suppose that the original feature space is two-dimensional: X =

X

X

 Consider the following kernel function: a function of the inner product of vector x and x’
K(x,x")=(x"x"+c)’
 This can be extended to
K(x,x")=(x"x"+tc)’ =x’x"+x x4+ +2x x' x,x' +2cx x4+ 2cx,x ",
( X" A

12
x2

\/Ex'l x'2
\/Zx'l
\/Zx'z

\ ¢ J

:( x12 xj \/Exlx2 2cx, 2cx, ¢ ) Z(CD(X))T(D(-’C')




Example of Kernel Trick

Polynomial Kernels (Continued)

x

X2

A This implies that the feature vector ?
space has been expanded from X J2x x
qi s X = ) ¢o(x) = 2

the original 2-dimensional space to X N
. . 2 cX
a new 6-dimensional space: !
V2cex,

C

K(x,x'>=<xfx'+c>2=( ' V2xy, V2ex Ve, ) 240 e




Example of Kernel Trick

2
Polynomial Kernels (Continued) X
2
2
This implies that the feature vector ¥ \f
space has been expanded from x=| | ) ox)= 2%,
the original 2-dimensional space to X, \/le
a new 6-dimensional space: o
O The discriminant function (Support Vector Classifier) becomes: . 2

flp(x)=w'p(x)+b= Zay[(co(x» P(x)]+b= Zay(x x+c) +b
K(x ,X)

O Note: the function can be evaluated directly using the low-dimensional input vectors without
actually transforming the data to the higher dimensional space.

This is called the Kernel Trick.

U The Kernel Trick allows us to
= Significantly reduce the computational load, and
» Find the way of reducing a not-linearly separable problem to a linearly separable problem
in a higher-dimensional space without actually transforming it to the new space. 26



Kernel Functions

O In supervised learning, quantifying similarity between two data points is critically
important. A kernel function quantifies this similarity or nearness of data, encoding
features in its functional structure.

O There are numerous kernel functions being used for machine learning:

» Dot-product (polynomial) kernel

k(x,x")=(x-x+1)"
» Radial-Basis Function (Squared exponential kernel, Gaussian kernel)

| x _ x' |2 L. '-]. '_:_:-_—;:i.‘_—_.—.
k x, x' = CX — “;'._“_?{,_
(0, x) =exp [ 20 .

= Sigmoid kernel : . ERE
k(x)x') — taIlh(K'x . x'— 5) "

O Questions:
= How are these kernel functions related to high-dimensional feature spaces?
= Does a nonlinear feature function ¢(x) exists, which generates a kernel
function in the form of inner product between ¢(x) and p(x') ?
= Under which conditions does it exist?



Positive-Definite Symmetric Kernels

O Let us examine this special property of kernel functions.
O Definition of Kernel Matrix

= Given a set of vectors, X,,X,, -+, X € X c NR"and a kernel over X

k: XX XN

» The following m-by-m matrix can be formed, which is called a Kernel Matrix.

/

K =

\

k(x1 ,xl)

k(xm ,X,)

k(x,,x )

k(xm ,xm)

\

J

€ Cﬁmxm : a Gram matrix

(1 Definition of Positive-Definite Symmetric Kernel
= Akernelover X, k: X X X R, is said to be positive-definite and symmetric,

if for an arbitrary sample {x1,x2,' . °,xm} from X, the associated Kernel Matrix
is positive semi-definite and symmetric.

c'Kc>0, VeceR"



Theorem: Existence of Feature Map ¢ (x)
- Reproducing Kernel Hilbert Space (RKHS) -

Qdlet k: X x X 1— N be a positive-definite and symmetric kernel. Then,
there exists a Hilbert space H and a mapping ¢ : X — H such that

k(x,x")=<o@(x),p(x") > VxeX,Vx'e X

» Hilbert Space: Don'’t get scared by this math term. In 2.160, we mean by Hilbert
space an infinite dimensional vector space where inner product is defined, and
any Cauchy sequence converges within its own space: completeness.

= Afunction f(x) can be treated as an infinite dimensional vector. Therefore, a

function may be an element in a Hilbert space.

O For a positive-definite, symmetric kernel £ : X x X — R, the associated Hilbert
space H has the following property, called the reproducing property:

hx)=<hk(x,")> YVheH,VxeX
* Note that /4 is a function and an element in H. The inner product is an integral:

<hk(x,")>= th(z)k(x,z)dz



Example: Radial-Basis Function / Gaussian Kernel / Squared Exponential Kernel

k(x,x") = exp(—

[x—x'f

207

ex (_\x—x'|2 =eX _|x|2_|x'|2+xTx' =exp| —
P72 T2 T2 T )T
(T T .y T .\2 T .n\3
exp xzx :1+x2x N 1 (x )4c) +l(x 36c) i
4 / 21/ 31/
In case x is a scalar x, We can confirm:
( i A ( \
1
, x/ 0 , x//
(D(X) — exp(—z—z]. X2 /\/Efz exp(_;f_z). x2 /\/Efz
X IN67 ¥ /60
\ ‘ ) . )

x|

207

j — k(x,x")=<@(x),0(x')>

jp[

| x'[

2/0?

Taylor series Expansion

The associated feature space is infinite dimensional.

1
x'/ 0
x'2/\/562
x'3/\/g€3

o

J

T
x x'

62

J

=k(x,x")



Radial-Basis Function / Gaussian Kernel / Squared Exponential Kernel

(J Radial-Basis Function is the most widely used kernel
function in machine learning, particularly for SVM and /< l1
Gaussian Processes (Lecture 23). Bty

|x_x.|2 { = small

20°

k(x,x")=exp| —

==

N\ | >
Characteristic Length Scale x' X X

M Like other kernel functions, a Radial-Basis Function represents the similarity or nearness of
two data points, x and X/, with characteristic length scale |.
[ For SVM, kernel functions are directly used in Support Vector Classifier:

f(@()= 2y [(@(x) ()] +b—> F(x) = D e,y k(x,,%)+b

 Parameters are determined by solving the following quadratic optimization problem.

N 1 N N
o .---.0. =arg max o —— oo vy k(x. . x
1° YN gOSal---aNSM Zt i 2;; i Jylyj ( ], z)



Reflection
Support Vector Machine and Kernel Methods

— SVM maximizes the margin in two-class
classification

X,

— Mathematical derivation of the optimal
classifier with the largest margin /\g\

— Linear separability: revisited XOR

— Augmentation of feature space with kernels

— Kernel trick NI

— Positive-definite, symmetric kernels
— Reproducing kernel Hilbert space
— Radial-basis functions




